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a b s t r a c t

Surrogate-assisted evolutionary algorithms have been widely utilized in science and engineering fields,
while rare theoretical results were reported on how surrogates influence the performances of
evolutionary algorithms (EAs). This paper focuses on theoretical analysis of a (1+1) surrogate-assisted
evolutionary algorithm ((1+1)SAEA), which consists of one individual and pre-evaluates a newly
generated candidate using a first-order polynomial model (FOPM) before it is precisely evaluated at
each generation. By performing comparisons between a unimodal problem and a multi-modal problem,
we rigorously estimate the variation of exploitation ability and exploration ability introduced via the
FOPM. Theoretical results show that the FOPM employed to pre-evaluate the candidates sometimes
accelerate the convergence of evolutionary algorithms, while sometimes prevents the individuals from
converging to the global optimal solution. Thus, appropriate adaptive strategies of candidate generation
and surrogate control are needed to accelerate the convergence of the (1+1)EA. Then, the accelerating
effect of FOPM decreases monotonically with p, the probability of performing precise function evaluation
when a candidate is pre-evaluated worse than the present individual.

& 2013 Elsevier B.V. All rights reserved.
1. Introduction

Nowadays evolutionary algorithms (EAs) have been widely
utilized to solve various optimization problems in the science
and engineering fields. However, when the computational simula-
tion for individual evaluations is highly time-consuming, EAs
hardly perform well because the evaluation process of individuals
costs too much computation time. To reduce the heavy complexity
of fitness evaluations in real applications, the surrogate-assisted
evolutionary algorithms (SAEAs) approximately evaluate solutions
by surrogates, which greatly improves the performances of EAs
when they are utilized to solve various complicated optimization
problems [11–13,19,15,26,8,22]. Meanwhile, the algorithms
employing surrogate models can also outperform the original
algorithms when noise exists [21].

Because surrogates save the computational cost at the cost of
evaluation precision, appropriate surrogates and strategies of evolution
control are needed to construct efficient SAEAs for problems with
different mathematical properties [3,7,10,20,9,23,14,6,2428,17,27,16,5].
Some SAEAs employ low-quality models filtering out poor solutions to
reduce the requirement on the quality of surrogates [2,25,1,18], while
these results are all based on the numerical results, and no theoretical
work has been reported to show how surrogate models reduce the
number of expensive evaluations [13].
ll rights reserved.
This paper tries to reveal how surrogates influence the con-
vergence of SAEAs in a rigorous way. By comparing the conver-
gence rates and expected improvements of fitness value (EIFV) of a
(1+1) surrogate-assisted evolutionary algorithm ((1+1)SAEA) and
its counterpart, a (1+1) evolutionary algorithm ((1+1)EA), we
theoretically estimate the effects of a first-order polynomial model
(FOPM) on the exploration and exploitation abilities, and conse-
quently, some hints on the design of SAEAs are obtained. The
remainder of the paper is structured as follows. Section 2 presents
a (1+1)SAEA based on a FOPM, and its performances on a
unimodal problem and a multi-modal problem are analyzed in
Section 3. Then, Section 4 concludes the paper.
2. A (1+1) surrogate-assisted evolutionary algorithm

2.1. The first-order polynomial model

When a first-order polynomial model (FOPM)

f AðxÞ ¼ f Aðx1;…; xnÞ ¼ β0 þ β1x1 þ⋯þ βnxn ð1Þ

is utilized to approximate the n-variable function f ðx1;…; xnÞ, N
ð≥nþ 1Þ sample points are needed to estimate the unknown
coefficients of the polynomial models by the least squared method
(LSM) [11]. Then, the N samples yðiÞ ¼ f ðxðiÞ1 ; xðiÞ2 ;…; xðiÞn Þ; i¼ 1;…;N
constitute a linear system y¼XΘ, where

y¼ ½yð1Þ; yð2Þ;…; yðNÞ�T ; Θ¼ ½β0; β1;…; βn�T ;
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and

X¼

1 xð1Þ1 xð1Þ2 ⋯ xð1Þn

1 xð2Þ1 xð2Þ2 ⋯ xð2Þn

⋮ ⋮ ⋮ ⋱ ⋮
1 xðNÞ1 xðNÞ2 ⋯ xðNÞn

2
666664

3
777775:

When the rows of X are linearly independent, LSM gives the
estimation

Θ̂ ¼ ðβ̂0; β̂1;…; β̂nÞ ¼ ðXTXÞ−1XTy:

To reduce the complexity of model construction as much as
possible, only n+1 samples are drawn to construct the first-order
polynomial model. For this case, the LSM estimation of Θ is X−1y,
and the constructed surrogate model f AðxÞ coincides with f ðxÞ at
the n+1 sample points xðiÞ ¼ ðxðiÞ1 ; xðiÞ2 ;…; xðiÞn Þ; i¼ 1;2;…;nþ 1.

2.2. A (1+1) surrogate-assisted evolutionary algorithm

In this paper, we investigate a (1+1) surrogate-assisted evolu-
tionary algorithm ((1+1)SAEA) (described by Algorithm 1) solving
the minimization problem

min f ðxÞ; x¼ ðx1;…; xnÞ∈Sx⊂Rn; ð2Þ
where Sx is the feasible region. At the beginning, an archive of size
n+1 is randomly generated, and a member with minimum func-
tion value is selected to be the individual x in the population. At
each generation, the surrogate model f AðxÞ is generated by n+1
members of A, and a newly generated candidate x′ is preevaluated
by the surrogate f Að�Þ. If ff Aðx′Þo f ðxÞg⋁f f Aðx′Þ≥f ðxÞ⋀ randðÞopg
holds for a predetermined probability p, evaluate x′ by the objec-
tive function f ð�Þ, and replace x with x′ when f ðx′Þo f ðxÞ. Simulta-
neously, replace the worst member xw in the archive A by x′,
where xw ¼ arg maxx∈Af ðxÞ.
Algorithm 1. A (1+1) surrogate-assisted; evolutionary algorithm.
Randomly generate an archive A of n+1 feasible solutions;
Set x¼ arg minw∈Af ðwÞ;
Set the function evaluations counter t≔1;
while the stop criterion is not satisfied do

Generate f AðxÞ by n+1 members of the archive A;
x′¼mutateðxÞ;
if ff Aðx′Þo f ðxÞg⋁ff Aðx′Þ≥f ðxÞ⋀randðÞopg then
if f ðx′Þo f ðxÞthen
x¼ x′;
Update A by replacing xw ¼ arg maxx∈Af ðxÞ with x′;

end if
t≔t þ 1;

end if
end while
output the results.
To show the functions of the FOPM, we perform a comparative
analysis between the (1+1)SAEA (Algorithm 1) and its counterpart,
a (1+1)EA described by Algorithm 2. In both algorithms, the
Gaussian mutation is performed to generate new candidate x′, i.e.,

x′¼ x þ δ;

where δ is a random vector obeying the Gaussian distribution
Nð0; rÞ.

Algorithm 2. A (1+1) evolutionary algorithm.
1 To apparently show the different positions of the two samples, in the
following ðs; s2Þ is called the sample point, and ðx; x2Þ is termed as the present
individual.
Randomly generate an individual x∈Sx;
Set the function evaluations counter t≔1;
while the stop criterion is not satisfied do
x′≔mutateðxÞ;
if f ðx′Þo f ðxÞ then

x¼ x′;
end if
t≔t þ 1;

end while
output the results.
3. Comparative analysis between the (1+1)SAEA and the (1+1)
EA

3.1. Comparative analysis on the exploitation ability of the (1+1)
SAEA and the (1+1)EA

To investigate how the first-order polynomial model influences
the exploitation ability of the (1+1)EA, we do the analysis via the
minimization problem of the quadratic problem

min
x∈R

f ðxÞ ¼ x2: ð3Þ

Then, the first-order polynomial surrogate is

f A ¼ β0 þ β1x: ð4Þ
The FOPM is confirmed by two samples in the archive A, one of
which is denoted as ðs; s2Þ, and another is ðx; x2Þ coinciding with
the present individual of the (1+1)SAEA.1

Definition 1. Let IðxÞ ¼ jxj be the fitness function of feasible
solutions, and xðtÞðt ¼ 1;2;…Þ be the individual of Algorithm 1 (or
Algorithm 2) after the tth function evaluation. The expectation

RCðxÞ ¼ E
Iðxðtþ1ÞÞ−IðxnÞ
IðxðtÞÞ−IðxnÞ xðtÞ ¼ x

��� �
ð5Þ

is called the convergence rate of Algorithm 1 (or Algorithm 2) at x,
where xn is the global optimal solution of (3).

Denote R1
CðxÞ and R2

CðxÞ to be the convergence rates of Algorithms
1 and 2 at x, respectively. In Algorithm 1, the precise function
evaluation is performed only when A¼ ff Aðx′Þo f ðxÞg
⋃ff Aðx′Þ≥f ðxÞ⋂randðÞopg occurs, where x′ is the new candidate
generated by mutation. Let PðAÞ be the probability in which A
occurs. Then,

R1
CðxÞ ¼

1
PðAÞ

Z
A⋂Sx

Iðxðtþ1ÞÞ−IðxnÞ
IðxÞ−IðxnÞ dP

¼ 1
PðAÞ ðIntpðxÞ þ pIntsðxÞÞ;

where

PðAÞ ¼ Pðff Aðx′Þo f ðxÞgÞ þ pPff Aðx′Þ≥f ðxÞg;

IntpðxÞ ¼
Z
ff Aðx′Þo f ðxÞg⋂ff ðx′Þ≥f ðxÞg

dP

þ
Z
ff Aðx′Þo f ðxÞg⋂ff ðx′Þo f ðxÞg

Iðx′Þ−IðxnÞ
IðxÞ−IðxnÞ dP;

and

IntsðxÞ ¼
Z
ff Aðx′Þ≥f ðxÞg⋂ff ðx′Þ≥f ðxÞg

dP

þ
Z
ff Aðx′Þ≥f ðxÞg⋂ff ðx′Þo f ðxÞg

Iðx′Þ−IðxnÞ
IðxÞ−IðxnÞ dP:
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In Algorithm 2, a precise function evaluation is performed once a
new candidate x′ is generated. Then,

R2
CðxÞ ¼

Z
Sx

Iðxðtþ1ÞÞ−IðxnÞ
IðxÞ−IðxnÞ ¼ IntpðxÞ þ IntsðxÞ:

Thus, the ratio of convergence rate

R1
CðxÞ

R2
CðxÞ

¼ 1
PðAÞ

IntpðxÞ þ pIntsðxÞ
IntpðxÞ þ IntsðxÞ

:

For the unconstrained optimization problem (2), it holds that

Pðff Aðx′Þo f ðxÞgÞ ¼ Pðff Aðx′Þ≥f ðxÞgÞ ¼
1
2
:

Consequently,

R1
CðxÞ

R2
CðxÞ

¼ 2
1þ p

IntpðxÞ þ pIntsðxÞ
IntpðxÞ þ IntsðxÞ

; ð6Þ

and the following theorem holds.

Theorem 1. When the first-order polynomial model is introduced in
the (1+1)EA illustrated by Algorithm2, the relative change of con-
vergence rate for problem (3) cannot exceed ð1−pÞð1−Eðx; sÞÞ=
ð1þ pÞð1þ Eðx; sÞÞ, that is,

1þ ð1−pÞð1−Eðx; sÞÞ
ð1þ pÞð1þ Eðx; sÞÞ≥

R1
CðxÞ

R2
CðxÞ

≥1−
ð1−pÞð1−Eðx; sÞÞ

ð1þ pÞð1þ Eðx; sÞÞ ; ð7Þ

where Eðx; sÞ ¼ 1
2 e

−8x2=s2 .

Proof. According to the positions of x and the sample point s, there
are two different cases to be distinguished. For the two different cases,
the respective convergence rate can be improved and reduced, how-
ever, the changes of convergence rate can always be upper bounded.
1.
Fig
ind
the
When the present individual x and the sample point s are on
different sides of the global optimal solution xn (Fig. 1a), it holds
that

IntpðxÞ ¼
Z
ff Aðx′Þo f ðxÞg⋂ff ðx′Þ≥f ðxÞg

dP

¼
Z
ff Aðx′Þo f ðxÞg

dP ¼ 1
2
:

Moreover,

IntsðxÞ ¼
Z
ff Aðx′Þ≥f ðxÞg⋂ff ðx′Þ≥f ðxÞg

dP

þ
Z
ff Aðx′Þ≥f ðxÞg⋂ff ðx′Þo f ðxÞg

jx′j
jxj dP
0x

x2

s

s2

y=f(x)
y=fA(x)

x2

s2

. 1. Two different cases for positions of the present individual x and the sample point s in
ividual x and the sample point s are on different sides of the global optimal solution zero
global optimal solution zero.
¼
Z
f Aðx′Þ≥f ðxÞ

dP−
Z
ff Aðx′Þ≥f ðxÞg⋂ff ðx′Þo f ðxÞg

dP

þ
Z
ff Aðx′Þ≥f ðxÞg⋂ff ðx′Þo f ðxÞg

jx′j
jxj dP:

Because jx′j=jxj is always less than one when f ðx′Þo f ðxÞ, it holds
that

1
2
≥IntsðxÞ≥

1
2
−
Z 2jxj

0
dP;

and from (6) we know that

1≤
R1
CðxÞ

R2
CðxÞ

≤1þ ð1−pÞ R 2jxj0 dP

ð1þ pÞð1− R 2jxj0 dPÞ
: ð8Þ
2.
 When the present individual x and the sample point s are on
the same side of the global optimal solution xn (Fig. 1b), it holds
that

IntsðxÞ ¼
Z
ff Aðx′Þ≥f ðxÞg⋂ff ðx′Þ≥f ðxÞg

dP ¼ 1
2
:

Meanwhile,

IntpðxÞ ¼
Z
ff Aðx′Þo f ðxÞg⋂ff ðx′Þ≥f ðxÞg

dP þ
Z
ff Aðx′Þo f ðxÞg⋂ff ðx′Þo f ðxÞg

jx′j
jxj dP

¼
Z
f Aðx′Þo f ðxÞ

dP−
Z
ff Aðx′Þo f ðxÞg⋂ff ðx′Þo f ðxÞg

dP

þ
Z
ff Aðx′Þo f ðxÞg⋂ff ðx′Þo f ðxÞg

jx′j
jxj dP:

Because jx′j=jxj is always less than one when f ðx′Þo f ðxÞ, for this
case it holds that

1
2
≥IntpðxÞ≥

1
2
−
Z 2jxj

0
dP;

and from (6) we know that

1≥
R1
CðxÞ

R2
CðxÞ

≥1−
ð1−pÞ R 2jxj0 dP

ð1þ pÞð1− R 2jxj0 dPÞ
: ð9Þ
From (8) and (9), we know that

1þ ð1−pÞ R 2jxj0 dP

ð1þ pÞð1− R 2jxj0 dPÞ
≥
R1
CðxÞ

R2
CðxÞ

≥1−
ð1−pÞ R 2jxj0 dP

ð1þ pÞð1− R 2jxj0 dPÞ
:

y=f(x)
y=fA(x)

0 x s

relation to the global optimal solution xn of problem (3). (a) Case 1: the present
; (b) Case 2: the present individual x and the sample point s are on same side of
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Moreover, becauseZ 2jxj

0
dP ¼ 1ffiffiffiffiffiffi

2π
p

s

Z 2jxj

0
e−y

2=s2 dy≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−e−8x2=s2

p

2

≤
1
2

1−
1
2
e−8x

2=s2
� �

;

we come to the conclusion that

1þ ð1−pÞð1−Eðx; sÞÞ
ð1þ pÞð1þ Eðx; sÞÞ≥

R1
CðxÞ

R2
CðxÞ

≥1−
ð1−pÞð1−Eðx; sÞÞ

ð1þ pÞð1þ Eðx;sÞÞ ;

where Eðx; sÞ ¼ 1
2 e

−8x2=s2 . □

RCðxÞ, the convergence rate of the(1+1)EA (or the (1+1)SAEA) for
problem (3), indicates its exploitation ability for local search. The
proof of Theorem 1 reveals that for Case 1, the surrogate will hinder
the convergence of (1+1)SAEA (Algorithm 2), and it can accelerate
its convergence when Case 2 occurs. Thus, negative influence of Case
1 and the positive influence of Case 2 will weaken each other.
Meanwhile, Theorem 1 also shows that by introducing the surrogate
in Algorithm 1, the variation of convergence rate cannot exceed
ðð1−pÞð1−Eðx; sÞÞ=ð1þ pÞð1þ E ðx; sÞÞÞR2

CðxÞ, which decreases mono-
tonically with the predetermined probability p. Thus, to make the
variation as great as possible, p is preferred to be zero, that is, the
newly generated candidate x′ have to be refused when it is evaluated
by surrogate worse than the present x. Although the surrogate can
maximize the convergence of Algorithm 1 in Case 2 (discussed in the
proof of Theorem 1), but, in this way the (1+1)SAEA cannot outper-
form its counterpart as greatly as possible, since the pre-evaluation
result of model (4) will eliminate the promoting candidates gener-
ated in Case 1 (discussed in the proof of Theorem 1). Thus, to
maximize the promoting effect of the FOPM on the (1+1)EA, an
appropriate value of the parameter s is needed, and then, the
maximum improvement of convergence rate can be obtained when
p is endowed with a small value. Ideally, when Case 1 discussed in
the proof of Theorem 1 is eliminated, the maximum improvement of
convergence rate could be ð1− 1

2 e
−8x2=s2=1þ 1

2 e
−8x2 =s2ÞRð2Þ

C ðxÞ by
setting p¼0.

3.2. Comparative analysis on the exploration ability of the (1+1)
SAEA and the (1+1)EA

To investigate how the first-order polynomial model influences
the exploration ability of the (1+1)EA, we study the minimization
problem of one-dimensional Rastrigin's function

min
x∈R

f ðxÞ ¼ x2−10 cosð2πxÞ þ 10: ð10Þ

by estimating the expected improvement of fitness value (EIFV) for
0
x

x2

s

s2

C A1B1 A2B2

y=f(x)
y=fA(x)

x

s2

Fig. 2. Two different cases for positions of the present individual x and the sample
xn∈fx′∈Rjf Aðx′Þ≥f ðxÞg; (b) Case 2: xn∈fx′∈Rjf Aðx′Þo f ðxÞg.
one function evaluation, where

EIFVðxÞ ¼ E½jxðtÞj−jxðtþ1ÞjjxðtÞ ¼ x�: ð11Þ
In Algorithm 1, the EIFV for one fitness evaluation is

EIFV ð1ÞðxÞ ¼ 1
PðAÞ

Z
A∩Sx

xðtÞ − xðtþ1Þ dP
��������

¼ 1
PðAÞ ðΔI

ðeÞðA; xÞ þ pΔIðsÞðxÞÞ;

where

PðAÞ ¼ Pðff Aðx′Þo f ðxÞgÞ þ pPff Aðx′Þ≥f ðxÞg
¼ 1

2
þ p

2
;

ΔIðeÞðA; xÞ ¼
Z
ff Aðx′Þo f ðxÞg∩ff ðx′Þo f ðxÞg

jxj−jx′j dP;

and

ΔIðsÞðA; xÞ ¼
Z
ff Aðx′Þ≥f ðxÞg∩ff ðx′Þo f ðxÞg

jxj−jx′j dP:

In Algorithm 1, the EIFV for one function evaluation is

EIFV ð2ÞðxÞ ¼ΔIðeÞðA; xÞ þ ΔIðsÞðxÞ:
Thus, the difference between EIFVs of Algorithms 1 and 2

EIFV ð1ÞðxÞ−EIFV ð2ÞðxÞ
��� ���¼ 1−p

1þ p
jΔIðeÞðA; xÞ−ΔIðsÞðA; xÞj: ð12Þ

Theorem 2. When the first-order polynomial model is introduced in
the (1+1)EA illustrated by Algorithm2, jEIFV ð1ÞðxÞ−EIFV ð2ÞðxÞj, the
absolute change of EIFVs, is in the order of Ωðð ffiffiffiffiffi½x�p

=sÞe−2=s2 Þ, where
½x� is the nearest integer from x.
Proof. For any x∈R, denote C ¼ fx′∈RjIðx′Þo IðxÞ & f ðx′Þo f ðxÞg. The
region fx′∈RjIðx′Þ≥IðxÞ&f ðx′Þo f ðxÞg can be divided into several
disjoint parts, denoted as Ai and Bi, where Ai and Bi, ði¼ 1;2;…Þ
are symmetric about zero (See Fig. 2). Then,

fx′∈Rjf ðx′Þo f ðxÞg ¼⋃
i
fAi∪Big∪C:

Denote the global optimal solution to be xn. There are two
different cases to be distinguished. For the two different cases,
the respective EIFVs can be improved and reduced, however, the
absolute changes of EIFVs can always be lower bounded.
1.
2

B2

poin
When xn∈fx′∈Rjf Aðx′Þ≥f ðxÞg (Fig. 2a),

ΔIðeÞðA; xÞ−ΔIðsÞðA; xÞ
0
x sC A1B1 A2

y=f(x)
y=fA(x)

t s in relation to the global optimal solution xn of problem (10). (a) Case 1:
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¼ ∑
i

Z
Bi
−∑

i

Z
Ai

 !
jxj−jx′j dP−

Z
C
jxj−jx′j dP

≤−
Z
C
jxj−jx′j dP: ð13Þ
2.
 When xn∈fx′∈Rjf Aðx′Þo f ðxÞg (Fig. 2b),
ΔIðeÞðA; xÞ−ΔIðsÞðA; xÞ

¼ ∑
i

Z
Bi
−∑

i

Z
Ai

 !
jxj−jx′j dP þ

Z
C
jxj−jx′j dP

≥
Z
C
jxj−jx′j dP: ð14Þ
Thus,

EIFV ð1ÞðxÞ−EIFV ð2ÞðxÞ
��� ���≥ 1−p

1þ p

Z
C
jxj−jx′j dP:

When x is in the absorbing region Sk of the local optimum xk,Z
C
jxkj−jx′j dP ¼min

x∈Sk

Z
C
jxj−jx′j dP:

To compute the lower bound of
R
C jxkj−jx′j dP, let us consider the

absorbing region of xk−1, just as described in Fig. 3. Denote

bk−1 ¼minfx4k−1; f ðxÞ ¼ f ðxkÞg

and

ak−1 ¼maxfxok−1; f ðxÞ ¼ f ðxkÞg:

Then, it holds that [4],2

xk≈k−
k

20π2 þ 1
;

ak−1≈k−1þ
−ðk−1Þ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk−1Þ2 þ ð20π2 þ 1Þð2k−1Þ

q
20π2 þ 1

and

bk−1≈k−1þ
−ðk−1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk−1Þ2 þ ð20π2 þ 1Þð2k−1Þ

q
20π2 þ 1

:

Thus,

bk−ak≈
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk−1Þ2 þ ð20π2 þ 1Þð2k−1Þ

q
20π2 þ 1

≥2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k−1

20π2 þ 1

s
; ð15Þ
k−1xk kxkak−1 bk−1

k−1)

k)

Fig. 3. Local absorbing region of xk−1.
and

xk−x′≈k−
k

20π2 þ 1

− k−1þ
−ðk−1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk−1Þ2 þ ð20π2 þ 1Þð2k−1Þ

q
20π2 þ 1

0
@

1
A

¼ 1−
kþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk−1Þ2 þ ð20π2 þ 1Þð2k−1Þ

q
20π2 þ 1

≥1−
kþ ðk−1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð20π2 þ 1Þð2k−1Þ

p
20π2 þ 1

¼ 1þ 1
20π2 þ 1

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k−1

20π2 þ 1

s

≥
1

20π2 þ 1
: ð16Þ

Consequently,Z
C
xj j−jx′j dP≥ 1ffiffiffiffiffiffi

2π
p

s

Z bk

ak
jxj−jx′j dP

≥
2ffiffiffiffiffiffi
2π

p
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k−1

20π2 þ 1

s
� 1
20π2 þ 1

� e−ðx−akÞ2=2s2

≥
2ffiffiffiffiffiffi
2π

p
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k−1

20π2 þ 1

s
� 1
20π2 þ 1

� e−2=s2

¼Ω

ffiffiffiffiffi½x�p

s
e−2=s

2
� �

; ð17Þ

and we can conclude that the difference between EIFVs of
Algorithms 1 and 2 is Ωðð ffiffiffiffiffi½x�p

=sÞe−2=s2 Þ, where ½x� ¼ k is the nearest
integer from x. □

Theorem 2 tells us that the difference of EIFVs between
Algorithms 1 and 2 is approximately bounded below by
Ωðð ffiffiffiffiffi½x�p

=sÞe−2=s2 Þ. This shows that to magnify the influence of the
introduced surrogate, a relatively small value of s is preferred.
Meanwhile, a s which is large enough can provide a satisfactory
convergence speed of the (1+1)SAEA. Thus, at the early stage of the
evolution process, a relatively large value of s should be adopted to
endow the (1+1)EA with strong exploration ability. Consequently,
the (1+1)SAEA can also explore search space efficiently, although
the surrogate model cannot greatly accelerate the convergence of (1
+1)SAEAwith a big value of s. However, at the terminal stage, small
values of s are needed to refine the exploitation, and small values of
s can also accelerate the convergence of (1+1)SAEA greatly. There-
fore, to maximize the convergence of (1+1)SAEA applied to problem
(10), we should endow the standard deviation s with a relatively
big value at the beginning, and let it decrease in the process of
population evolution. Meanwhile, the probability p should be set as
small as possible if the first case discussed in the proof of Theorem 2
can be eliminated.
4. Conclusions and future work

By theoretically comparing a (1+1)EA and a (1+1)SAEA, this paper
endeavors to reveal how the surrogates function on EAs by pre-
screening newly generated candidates. Theoretical investigations for
a unimodal problem and a multi-modal problem show that the (1+1)
SAEA can accelerate the convergence of (1+1)EA if the generation
process of candidates is carefully designed. First, the negative
functions of surrogates decline with the increase of the probability
parameter p. Second, to obtain strong exploitation and exploration
2 According to the derivations in [4], the approximate errors are in lower
orders, which will not influence the validity of the following argument.
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abilities, the value of s should be carefully selected to accommodate
landscape of the objective function. Future work will focus on how to
design an efficient adaptive strategy of mutation parameter s and the
surrogate control method to get a high-performance surrogate-
assisted evolutionary algorithm.
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